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Motivation

Let t be a finite-dimensional Lie superalgebra.

Each z in Z sends a singular vector v to a singular vector w = zv.

v

X−A v

...

0

w = zv

X−A w

...

0

z
General Application
A reduction superalgebra Z aids in
decomposing t-modules as
osp(1|2)-modules, providing explicit
bases in the process.

Research Question
Consider an embedding φ of the orthosymplectic Lie superalgebra
osp(1|2) in the vectorial Lie superalgebra vect(0|2). How can we
present the genetics of a reduction superalgebra Z(φ)?
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The category of super vector spaces

We work in sVecC. Our objects are Z/2Z-graded: V = V0̄ ⊕ V1̄.

v ⊗ w

V

⊗

W

W

⊗

V

The braiding τV,W

(−1)|v||w| w ⊗ v

For a morphism µ : V ⊗ V → V , the braiding determines

(skew)symmetry µ = ±µ ◦ τ and
Jacobi identity µ ◦ Id⊗µ = µ ◦ µ⊗ Id+µ ◦ Id⊗µ ◦ τ ⊗ Id on V⊗3.

A super vector space g = g0̄ ⊕ g1̄ paired with a skewsymmetric µ
satisfying the Jacobi identity is a Lie superalgebra.
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The Lie superalgebras we need

The vectorial Lie superalgebras come from supergeometry: The set of
derivations on the function algebra Λ(θ1, θ2) is t = vect(0|2).

The
orthosymplectic Lie superalgebra g = osp(1|2) is a Lie
subsuperalgebra of t.

Important facts:

• Indeterminates: θ1θ2 = −θ2θ1 (commute in sVecC)
• Standard basis for Λ(θ1, θ2) is {1, θ1θ2; θ1, θ2}
• Choice basis for vect(0|2):
B = {HA, HB, X2A, X−2A; XA, X−A, XB, X−B}

Further:

• Positive and negative subalgebras g± = CX±A ⊕ CX±2A.
• Cartan subalgebra h = CHA.
• Known decomposition t = (CX−B ⊕ CHB ⊕ CXB)

⊕
g.
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The reduction superalgebra for φ

To each Lie superalgebra we have the universal enveloping
superalgebra:

{g → gl(V)} ↔ {U(g) → End(V)}.

Let U = U(t). The reduction superalgebra Z = Z(φ) is
NormU(Ug+)/Ug+. Write Z = N/I+.

Two issues: not a finitely generated C-algebra and hard to describe
explicit elements of N.

Reminder of motivation: How can we describe the generators and
relations of Z? A nice consequence is that we would know how Z acts
on the subspace of singular vectors within certain t-representations.

Resolution: We localize Z to present Z as a finitely generated ring. We
utilize the extremal projector

P =
∑
n≥0

(−1)n

bn/2c!
∏dn/2e
k=1 (HA + k)

Xn−AXnA.

M. K. McLaurin orthosymplectic decomposition 5 / 9



The reduction superalgebra for φ

To each Lie superalgebra we have the universal enveloping
superalgebra:

{g → gl(V)} ↔ {U(g) → End(V)}.

Let U = U(t).

The reduction superalgebra Z = Z(φ) is
NormU(Ug+)/Ug+. Write Z = N/I+.

Two issues: not a finitely generated C-algebra and hard to describe
explicit elements of N.

Reminder of motivation: How can we describe the generators and
relations of Z? A nice consequence is that we would know how Z acts
on the subspace of singular vectors within certain t-representations.

Resolution: We localize Z to present Z as a finitely generated ring. We
utilize the extremal projector

P =
∑
n≥0

(−1)n

bn/2c!
∏dn/2e
k=1 (HA + k)

Xn−AXnA.

M. K. McLaurin orthosymplectic decomposition 5 / 9



The reduction superalgebra for φ

To each Lie superalgebra we have the universal enveloping
superalgebra:

{g → gl(V)} ↔ {U(g) → End(V)}.

Let U = U(t). The reduction superalgebra Z = Z(φ) is
NormU(Ug+)/Ug+. Write Z = N/I+.

Two issues: not a finitely generated C-algebra and hard to describe
explicit elements of N.

Reminder of motivation: How can we describe the generators and
relations of Z? A nice consequence is that we would know how Z acts
on the subspace of singular vectors within certain t-representations.

Resolution: We localize Z to present Z as a finitely generated ring. We
utilize the extremal projector

P =
∑
n≥0

(−1)n

bn/2c!
∏dn/2e
k=1 (HA + k)

Xn−AXnA.

M. K. McLaurin orthosymplectic decomposition 5 / 9



The reduction superalgebra for φ

To each Lie superalgebra we have the universal enveloping
superalgebra:

{g → gl(V)} ↔ {U(g) → End(V)}.

Let U = U(t). The reduction superalgebra Z = Z(φ) is
NormU(Ug+)/Ug+. Write Z = N/I+.

Two issues: not a finitely generated C-algebra and hard to describe
explicit elements of N.

Reminder of motivation: How can we describe the generators and
relations of Z? A nice consequence is that we would know how Z acts
on the subspace of singular vectors within certain t-representations.

Resolution: We localize Z to present Z as a finitely generated ring. We
utilize the extremal projector

P =
∑
n≥0

(−1)n

bn/2c!
∏dn/2e
k=1 (HA + k)

Xn−AXnA.

M. K. McLaurin orthosymplectic decomposition 5 / 9



The reduction superalgebra for φ

To each Lie superalgebra we have the universal enveloping
superalgebra:

{g → gl(V)} ↔ {U(g) → End(V)}.

Let U = U(t). The reduction superalgebra Z = Z(φ) is
NormU(Ug+)/Ug+. Write Z = N/I+.

Two issues: not a finitely generated C-algebra and hard to describe
explicit elements of N.

Reminder of motivation: How can we describe the generators and
relations of Z? A nice consequence is that we would know how Z acts
on the subspace of singular vectors within certain t-representations.

Resolution: We localize Z to present Z as a finitely generated ring. We
utilize the extremal projector

P =
∑
n≥0

(−1)n

bn/2c!
∏dn/2e
k=1 (HA + k)

Xn−AXnA.

M. K. McLaurin orthosymplectic decomposition 5 / 9



The reduction superalgebra for φ

To each Lie superalgebra we have the universal enveloping
superalgebra:

{g → gl(V)} ↔ {U(g) → End(V)}.

Let U = U(t). The reduction superalgebra Z = Z(φ) is
NormU(Ug+)/Ug+. Write Z = N/I+.

Two issues: not a finitely generated C-algebra and hard to describe
explicit elements of N.

Reminder of motivation: How can we describe the generators and
relations of Z? A nice consequence is that we would know how Z acts
on the subspace of singular vectors within certain t-representations.

Resolution: We localize Z to present Z as a finitely generated ring. We
utilize the extremal projector

P =
∑
n≥0

(−1)n

bn/2c!
∏dn/2e
k=1 (HA + k)

Xn−AXnA.

M. K. McLaurin orthosymplectic decomposition 5 / 9



The diamond product table

More details on Z and the so-called diamond product are in [Zhe89;
KO10; HW22; HW25], my dissertation work (in progress), and
forthcoming manuscripts.

Theorem (Genetics of Z(φ))
Over a localization of U(h) we have the following product table
describing the generators and relations of Z.

� g(HA) X−B HB XB

f (HA) f (HA)g(HA) f (HA)X−B f (HA)HB f (HA)XB

X−B g(HA + 1)X−B 0 X−B � HB X−B � XB

HB g(HA)HB
HA
HA+1 X−B � HB HB � HB HB � XB

XB g(HA − 1)XB − HA
HA+1 X−B � XB

+ 1
HA
HB � HB − HA

HA−1
HA

HB � XB 0
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The bracket table of vect(0|2)

[ · , · ] HA HB X2A X−2A XA X−A XB X−B

HA 0 0 2X2A −2X−2A XA −X−A XB −X−B

HB 0 0 0 0 XB X−B XA X−A

X2A −2X2A 0 0 HA 0 −XA 0 −XB

X−2A 2X−2A 0 −HA 0 −X−A 0 −X−B 0

XA −XA −XB 0 X−A 2X2A HA 0 HB

X−A X−A −X−B XA 0 HA −2X−2A −HB 0

XB −XB −XA 0 X−B 0 −HB −2X2A −HA

X−B X−B −X−A XB 0 HB 0 −HA 2X−2A



The adjoint module of osp(1|2)

[ · , · ] HA X2A X−2A XA X−A

HA 0 2X2A −2X−2A XA −X−A

X2A −2X2A 0 HA 0 −XA

X−2A 2X−2A −HA 0 −X−A 0

XA −XA 0 X−A 2X2A HA

X−A X−A XA 0 HA −2X−2A



The standard module of osp(1|2)

[ · , · ] HB XB X−B

HA 0 XB −X−B

X2A 0 0 −XB

X−2A 0 −X−B 0

XA −XB 0 HB

X−A −X−B −HB 0



Brackets of the original even elements

[ · , · ] θ1∂1 θ1∂2 θ2∂1 θ2∂2

θ1∂1 0 θ1∂2 −θ2∂1 0

θ1∂2 −θ1∂2 0 θ1∂1 − θ2∂2 θ1∂2

θ2∂1 θ2∂1 θ2∂2 − θ1∂1 0 −θ2∂1

θ2∂2 0 −θ1∂2 θ2∂1 0



Brackets of the original odd elements

[ · , · ] ∂1 ∂2 θ1θ2∂1 θ1θ2∂2

∂1 0 0 θ2∂1 θ2∂2

∂2 0 0 −θ1∂1 −θ1∂2

θ1θ2∂1 θ2∂1 −θ1∂1 0 0

θ1θ2∂2 θ2∂2 −θ1∂2 0 0



The alternative basis as derivations

HA = −θ1∂1 + θ2∂2, HB = θ1∂1 + θ2∂2,

X2A = θ2∂1, X−2A = θ1∂2,

XA = θ1θ2∂1 + ∂1, XB = θ1θ2∂1 − ∂1,

X−A = θ1θ2∂2 + ∂2, X−B = θ1θ2∂2 − ∂2.
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