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Motivation

In representation theory, we consider the reduction

problem: How do we decompose a simple representa-

tion of a Lie superalgebra as a representation of a Lie

subsuperalgebra? The present work describes the tech-

nique of using reduction algebras to address the reduc-

tion problem. The results provide traction in the clas-

sification of simple representations and aids in compu-

tational use of representation theory within mathemat-

ical physics. Additionally, the determination of a reduc-

tion algebra in terms of generators and relations fur-

thers noncommutative ring theory and provides exam-

ples of quantum-type algebras [Kho04]. We are most

interested in cases of reducing representations ofvecto-

rial Lie superalgebras, particularly, Lie superalgebras of

superderivations on exterior algebras—we specialize to

the corank-one case here. We note that [HW22] gives

the genetics of a diagonal-type reduction superalgebra,

and the authors claim that such complete presentations

of reduction superalgebras are not commonly found in

the literature.

Progress

Our route includes a recalling of definitions and exam-

ples of Lie superalgebra, associating a reduction su-

peralgebras to an embedding of the orthosymplectic

Lie superalgebra osp(1|2) in the vectorial Lie superal-
gebra vect(0|2) ∼= osp(2|2), discussing extremal projec-
tors, and providing a table of diamond products. Future

steps generalize corank-one orthosymplectic reduction

superalgebras to higher dimensions.

The category sVec of super vector spaces

We reference [Rie16; Wal24] for categorical notions.

Let Z/2Z be the field {0̄, 1̄} of two elements. The ob-
jects of sVec are Z/2Z-graded vector spaces V = V0̄ ⊕ V1̄
called super vector spaces with morphisms as parity-

preserving linearmaps. The Lie algebra objects are pairs

formed by an object g and a skew-symmetric morphism
g ⊗ g → g satisfying the Jacobi identity. All notions of
symmetry are governed by the super braiding τ : v⊗w 7→
(−1)|v||w|w ⊗v. For example, the commutator for algebra
objects with a multiplication µ appears as µ − µ ◦ τ .

Linear Lie superalgebras

Let V be a super vector space with dim V0̄ = m and

dim V1̄ = n. The space End(V ) of all linear maps is a uni-
tal associative superalgebra, and the pair (End(V ), [·, ·])
forms the general linear Lie superalgebra gl(V ) of V ,
which is isomorphic to (gl(m|n), [·, ·]), the general lin-
ear Lie superalgebra of degree “m, n”. Subalgebras of
the general linear Lie superalgebras are called linear Lie

superalgebras. The orthosymplectic Lie superalgebra

osp(m|n) is a linear Lie superalgebra.

The bracket-preserving linear maps φ : g → gl(V ) are
called representations of g.

Universal property characterization of

universal enveloping algebras
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The question: Is there a most general associative super-

algebra in which g embeds? The answer: The pair of the
universal enveloping Lie superalgebra U(g) and the em-
bedding ι from the tensor algebra construction. Note:
U(g) = T (g)/〈xy − (−1)|x||y|yx − [x, y]〉.

Reduction algebra techniques using the

simple Lie superalgebra osp(1|2)

The (3|2)-dimensional Lie superalgebra g = osp(1|2) has
a matrix representation in C1|2:

osp(1|2)0̄⊕osp(1|2)1̄ = Cx−2α⊕Ch⊕Cx2α

⊕
Cx−α⊕Cxα,

with

x−2α = E23,

x−α = E13 + E21,

h = E22 − E33,

xα = E12 + E31,

x2α = E32,

for matrices Eij having all zeroes except 1 in the (i, j)-
entry.

Let g± = Cx±2α ⊕ Cx±α and h = Ch. A triangular decom-
position of g is given by g = g− ⊕ h ⊕ g+.

Associative superalgebra homomorphism

There exists an embedding g ↪→ A = U(osp(2|2). There-
fore we have a map ϕ : U(g) → A of unital associative

superalgebras. Thus A is a U(g)-bimodule via left and
right multiplication.

More details: Write {α, β, α + β} for the set of posi-
tive roots of osp(2|2). Set xA = 1√

2(xα + xβ); x−A =
− 1√

2(x−α + x−β); and, hA = [xA, x−A]. We recognize g

as the Lie subsuperalgebra of osp(2|2) generated by xA

and x−A. Set xB = 1√
2(xα −xβ); x−B = − 1√

2(xα −xβ); and,
hB = −1

2(hα − hβ). Fix V = span({xB, hB, x−B}). Then
osp(2|2) = g ⊕ V as osp(1|2)-modules, where V ∼= C1|2.

Universal Verma module (with respect to g+)

Let I+ = Ag+ = AxA be the left ideal of A generated

by the action of g+ acting on A from the right. The left

A-module A/I+ is the universal Verma module.

Nonlocalized reduction algebra [Mic73; Zhe06]

Let N+ = NA(I+) be the normalizer of I+, that is, the

largest subalgebra of A in which I+ is a two-sided ideal.

Then the subspace (A/I+)+ of g+-invariants withinA/I+
is the quotient algebra N+/I+, which we call the nonlo-

calized reduction algebra associated to ϕ.

Sketch of proof: x(a+I+) = xa+I+ = 0+I+ for all x ∈ g+
if and only if xa ∈ I+ for all x ∈ g+ if and only if a ∈ N .

Importance of reduction algebra

Let V + ⊂ V be the g+-invariants. Since I+V + ⊂ {0} and
NV + ⊂ V +, we have the action (n+I)v = nv +I . So V +

is a left module over the reduction algebra and we can

generate g-submodules of V :

U(g)(n + I+)v ⊂ V for n ∈ N.

Normalizers may be hard to compute

systematically

Set h = ChA. Assume our spaces are localized (script

font) with respect to a submonoid of U(h) generated
by integral shifts of hA. Let I− = g−A . We consider
the double coset space A /II := I− /A /I+. There

exists a unique element P of a certain completion of
U(g) that induces a projection PV on each V ; more-
over, we have

PA /I+ : A /I+ → A /II → N+/I+ → A /I+ with

1. g+P = 0;
2. Pg− = 0;
3. [h, P ] = 0;
4. P ≡ 1 mod II; and,
5. A /II is a superalgebra under the diamond product.

Extremal projector

We use the Pochhammer symbol defined by

(x)` = x(x + 1)(x + 2) · · · (x + (` − 1))
to write

Q`(hA) = (−1)`

b`
2c!(h + 1)b`+1

2 c
.

The extremal projector for g is then

P = Pg =
∞∑

`=0

Q`(hA)x`
−Ax`

A.

Diamond product ♦

Write ā = a + II for the double coset containing a for
each a inA . Then ā♦b̄ := aPb+II. We use themonomial
order x−B < hB < xB in the diamond product table:

♦ g(hA) x−B hB xB

f (hA) fg(hA) f (hA)x−B 0 f (hA)xB

x−B g(hA + 1)x−B 0 x−B ♦ hB 0

hB g(hA)hB
hA+2
hA+1 x−B ♦ hB hB ♦ hB hB ♦ xB

xB g(hA − 1)xB T hA+1
hA

hB ♦ xB 0

T = hA − 1
hA

hB ♦ hB − hA + 2
hA + 1

x−B ♦ xB

Corank-n superderivation superalgebras

The Lie superalgebra osp(1|2) also embeds in osp(1|4),
a rank-two Lie superalgebra distinct from osp(2|2). Ad-
ditionally, there is a chain of embeddings osp(1|2) ↪→
osp(2|2) ∼= vect(0|2) ↪→ vect(0|n + 1) of osp(1|2) inside
vectorial Lie superalgebras, particularly, the derivation

superalgebra of the exterior algebra on n + 1 genera-
tors. Hence we continue the study of super represen-

tation theory and corank-n orthosymplectic reduction
superalgebras relative to superderivations.
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